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ABSTRACT 

Due to its high numerical accuracy and versatility to include complex tool configurations and 

arbitrary spatial distributions of material properties, the Monte Carlo method is the foremost 

numerical technique used to simulate borehole nuclear measurements. Although recent advances 

in computer technology have considerably reduced the computer time required by Monte Carlo 

simulations of borehole nuclear measurements, the efficiency of the method is still not sufficient 

for estimation of layer-by-layer properties or combined quantitative interpretation with other 

borehole measurements.   

 

We develop and successfully test a new linear iterative refinement method to accurately and 

rapidly simulate nuclear borehole measurements.  The approximation stems from Monte Carlo-

derived geometrical response factors, referred to as flux sensitivity functions (FSFs), for specific 

density and neutron tool configurations. Our procedure first invokes the integral representation 

of Boltzmann’s transport equation to describe the detector response due to the flux of particles 

emitted by the radioactive source. Subsequently, we use the Monte Carlo code MCNP to 

calculate the associated detector response function and the particle flux included in the integral 

form of Boltzmann’s equation. The linear iterative refinement method accounts for variations of 

the response functions due to local perturbations of energy cross-section in the numerical 

simulation of neutron and density porosity logs.  
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We quantify variations in the FSFs of neutron and density measurements due to borehole 

environmental effects and spatial variations of formation properties.  Simulations performed with 

the new approximations yield errors in the simulated value of density of less than 0.02 g/cm3 

with respect to Monte Carlo-simulated logs. Moreover, for the case of radial geometric factor of 

density we observed a maximum shift of 3 cm at 90% of the total sensitivity due to realistic 

variations of formation density. For the case of radial variation of neutron properties (migration 

length) the maximum change in the radial length of investigation was equal to 10.4 cm. Neutron 

porosity values simulated with the new approximation differ by less than 10 percent from Monte 

Carlo simulations. The approximations introduced in this paper enable the simulation of borehole 

nuclear measurements in seconds of CPU time compared to several hours with MCNP. 

 

INTRODUCTION 

The conventional approach for in-situ porosity estimation is the combined use of bulk density 

and neutron porosity logs. Borehole nuclear measurements are influenced by fundamental 

petrophysical and geometrical properties such as saturating fluids, matrix composition, mud-

filtrate invasion, and shoulder beds (Ellis and Singer, 2007). Interpretation methods that include 

numerical modeling are often necessary to reduce environmental effects and non-uniqueness in 

the estimation of porosity and in the diagnosis and quantification of saturating fluids.   

 

A fast numerical method is also essential to simulate nuclear borehole measurements in 

conjunction with inversion techniques as well as for their quantitative integration with other 

borehole measurements. This approach is not common practice, mainly because of the associated 
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high computational requirements. Although recent developments promote reductions in 

computational time with deterministic numerical methods (Aristodemou, 2006), the Monte Carlo 

method is widely used to simulate borehole measurements because of its versatility, adjustable 

numerical precision, and detailed three-dimensional (3D) geometrical capabilities. However, 

currently the Monte Carlo simulation method is not efficient either for application of inversion 

techniques (Patchett and Wiley, 1994) or for quantitative integration of nuclear measurements 

with other well logs.  

 

Importance sampling of Monte Carlo codes has improved the efficiency of the calculations of the 

contribution flux for arbitrary spatial distributions of material properties (Booth and Hendricks, 

1984; Hendricks, 1982; Mickael, 1992; Liu and Gardner, 1997). Neutron flux distribution maps 

have been used to quantify variations of neutron borehole measurements due to mud-filtrate 

invasion (Parsons, 1983). Similarly, density detector response functions have described gamma-

ray paths in the formation (Flaum, et al., 1991) and quantified the radial length of investigation 

(Ellis, 2003) of dual-detector density tools.  

 

Watson (1984) introduced the concept of Monte Carlo-derived differential sensitivity functions 

for nuclear detector responses due to Compton and photoelectric gamma-ray interactions. This 

technique not only provided important information for tool design and improved post-processing 

of measured single-detector responses, but also opened the door to fast nuclear log simulation 

with the use of linear sensitivity functions (Watson, 1992; Couët and Watson, 1992; Couët and 

Watson, 1993; Case et al., 1994). However, none of the previously published linear-

approximation methods reported successful results for the simulation of neutron measurements 
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with linear sensitivity functions. 

 

This paper develops new fast approximate numerical methods to simulate density and neutron 

well logs with the use of Monte Carlo-derived flux sensitivity functions (FSFs) of neutron and 

density measurements. We use linear first-order Born approximations to simulate nuclear 

measurements acquired in formations with arbitrary spatial distributions of a wide range of 

material property contrasts (i.e., energy cross-section, migration length, mass density, porosity, 

and fluid saturations). The main technical contribution is the introduction of a linear iterative 

refinement (fixed-point iteration) method that accounts for spatial variations of the response 

function due to non-homogeneous formations and key borehole environmental effects. Our 

approximations differ from previous work on differential sensitivity functions both, in the way 

we calculate the sensitivity function and in the implementation of FSFs for the simulation of 

nuclear borehole measurements. 

 

We describe the physical variables involved in our approximation starting with the integral form 

of Boltzmann’s transport equation (Greenspan, 1976). The formulation identifies geometrical 

properties of the model and describes the basic components of Monte Carlo-derived spatial FSF 

approximations. To quantify the flux sensitivity function due to specific variations of total 

energy cross-section of the material, we perform a sensitivity analysis over a wide range of 

porosity values and rock matrix properties. Finally, we simulate neutron and density 

measurements with pre-calculated FSFs and the iterative refinement method. To benchmark 

these approximations, we compare fast simulation results against synthetic nuclear logs 

calculated with MCNP (X-5 Monte Carlo Team, 2003). Simulations include 1D cases of vertical 
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variations of formation properties (layering perpendicular to the borehole). In addition, to assess 

the two-dimensional (2D) capabilities of the rapid approximations, we include results with 

horizontal variations of formation properties (invasion, tool standoff, mudcake) and shoulder-bed 

effects. A companion paper (Mendoza et al., 2009) verifies the reliability and accuracy of the 

approximations for the case of three-dimensional (3D) variations of formations properties. 

 
FORMULATION 

To establish terminology, and to describe the general formulation of the approximations 

introduced in this paper, we begin with a concise description of nuclear particle transport via the 

time-independent Boltzmann’s equation, given by 

      

( ) ( ) ( ) ( ) ( )' ' ' ' ' ', , , , , , , , ,t sE E dE d E E E q Eψ ψ⋅∇ + Σ = Σ → +⎡ ⎤⎣ ⎦ ∫ ∫Ω r r Ω Ω r Ω Ω r Ω r Ω                (1) 

 

where ψ  is energy angular particle flux at position r of energy E and direction Ω , tΣ   is total 

macroscopic energy cross-section (i.e., t s aΣ = Σ + Σ ), sΣ  is macroscopic energy scattering cross-

section, aΣ  is macroscopic absorption energy cross-section, and q is the nuclear particle source. 

Direction of particles is described by =Ω v v , where v is particle velocity.  

 

Figure 1 illustrates the geometrical and formulation conventions used for the calculation of FSFs 

and for the approximation of nuclear borehole measurements. We assume a fixed background 

medium, R 3, of known total energy cross-section, ( ),B EΣ r , and a scatterer region, T, of total 

energy cross-section ( )0 , EΣ r  (the total macroscopic energy cross-section is appropriate to 
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describe variations of formation petrophysical properties, i.e., porosity, fluid saturation, rock 

matrix, etc.) Both scattering and absorption cross-sections correlate to petrophysical properties. 

For the case of borehole neutron measurements, these energy-dependent cross-sections are 

related to the slowing-down and diffusion length for fast and thermal neutrons, respectively. 

Because we consider neutrons of all energies, we describe correlations of the total rock’s 

macroscopic energy cross-section and migration length to petrophysical properties (Appendix 

A).  

 

We focus our attention to the specific situation of axial-symmetric variations of formation 

properties about the axis of the borehole. Consequently, the position vector r is a function of the 

radial direction ρ, and the vertical location, z. Figure 2 illustrates the geometrical assumptions 

for a base-case formation that includes basic borehole environmental effects. In both situations, 

with and without borehole environmental effects, the base-case formation includes both borehole 

and tool configuration, and assumes a formation of constant total energy cross-section ΣB with 

infinite boundaries away from the borehole and tool location.  

 

The detector response is proportional to the number of particles entering the detector per unit 

time (particle count rate). Consequently, the sum over all the particles emitted by the radioactive 

source, each weighted by its contribution to the detector count rate (Lewins, 1965) can be written 

as 

 

( ) ( ) ( ), , , , , ,B R B S B RN d dE d E S Eψ += ∫ ∫ ∫r r Ω r r Ω r r Ω ,                                                                (2) 
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where BN  is the detector response at the observation point inside the tool due to the radioactive 

source emitting particles in a base-case formation of constant total energy cross-section BΣ . We 

emphasized that the energy dependency of NB is tacitly implied in Equation 2. For neutron, the 

energy integral includes all energies whereas for the case of density, energy is limited by the 

corresponding energy windows of Compton and photoelectric measurements. In the above 

expression, ( ), , ,B S Eψ r r Ω  is energy angular flux at location r  due to the particle source 

( ), , ,Sq Er r Ω  located at Sr , and ( ), , ,B RS E+ r r Ω  is the response function for the detector located 

at Rr  and is given by  

 

( ) ( ) ( )' ' ' ' ' ', , , , , , ,R s RS E dE d E E Eψ+ += Σ →∫ ∫r r Ω Ω r Ω Ω r r Ω ,                                                    (3) 

 

where ( ), , ,R Eψ + r r Ω  is the importance function related to the solution of the integro-differential 

adjoint equation (Greenspan, 1976; Lewins, 1965).  

 

The counting rate at each detector due to a radioactive particle source is influenced by the 

material properties of the formation (Ellis and Singer, 2007), specifically by the total 

macroscopic energy cross-section.  We invoke the first-order Born approximation to calculate 

the excess detector response (which is proportional to the detector secondary count rate) due to 

spatial variations of total energy cross-section (Torres-Verdín and Habashy, 2001).  The 

approximation is given by 
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( ) ( ) ( ) ( ) ( ) ( )
( )

0
0 0 0

0

,1 , , , , , , ,
,R B R S R

B R B

E
N N d dE d E S E C

N E
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⎡ ⎤⎛ ⎞ ⎛ ⎞ΔΣ
Δ ≅ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟Σ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫ ∫ ∫
r

r r r Ω r r Ω r r Ω
r r

  (4) 

 

under the assumption that BN NΔ <<  and where C is an operator that accounts for nonlinear 

variations of N due to changes of Σ . The operator C is determined by correlations between N and 

the perturbed parameter (formation Lm or density) as described in Appendix A. In the above 

equation, the expression between brackets “weights” the relative variation of Σ  away from the 

assumed base-case model i.e.,  

 

( ) ( ) ( )0 0 0, , ,BE E EΔΣ = Σ −Σr r r ,                                                                                                   (5) 

 

wherein the dependence of ( )RNΔ r  on source location, Sr  is tacitly implied. Moreover, Rr  is the 

location of the detector, and 0r  is an arbitrary location inside the perturbed space (i.e. 

( )0, 0EΔΣ =r ). 

 

We define the flux sensitivity function for a particular base-case formation (FSFB) (in analogy 

with the response sensitivity function defined by Greenspan (1976)) as 

 

( ) ( ) ( ) ( )1FSF , , , , , , , ,B R B S B R
B R

E d E S E
N

ψ
+⎛ ⎞

≅ ⎜ ⎟⎜ ⎟
⎝ ⎠

∫r r Ω r r Ω r r Ω
r

.                                            (6) 

 

Substituting Equation (6) into Equation (4) gives 
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( ) ( ) ( ) ( )
( )

0
0 0

0

,
FSF , ,

,R B R B R
B

E
N N d dE E

E
ΔΣ

Δ ≅ ⋅
Σ∫ ∫

r
r r r r r

r
.                (7) 

 

We remark that the FSFB in Equation (7) is space-shift invariant. The iterative refinement 

method described in this paper locally adapts the FSFB at each sample point by means of fixed-

point iterations. Using the concept of superposition, we approximate the detector response 

(which is proportional to the counting rate) due to a point source inside the tool assuming a base-

case of constant energy cross-section, BΣ , and consider spatial Σ  variations away from the 

original formation. The estimated detector response, N, in the perturbed formation can then be 

written as  

 

( ) ( ) ( ) ( ) ( )1 ,R B R R B R R
B

NN N N N
N

⎛ ⎞Δ
= + Δ = +⎜ ⎟

⎝ ⎠
r r r r r                                                                      (8) 

 

where ( )RNΔ r  is the change in detector response due to a spatial variation of Σ  in the formation 

(Equation 7).  

 

An alternative approximation of ( )RN r  can be written as 

 

( ) ( ) ( )ln lnR R B R
B

N N N
N
Δ

≅ −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦r r r ,                                                                                          (9) 
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(Habashy et al., 1993) or equivalently, 

 

( ) ( ) ( )expR B R R
B

NN N
N

⎛ ⎞Δ
≅ ⎜ ⎟

⎝ ⎠
r r r .                         (10) 

 

The integral in Equation (6) is solved numerically for specific energy windows base on a spatial 

grid constructed in cylindrical coordinates with the Monte Carlo code MCNP. Calculations are 

performed with a spatial mesh that includes the borehole and the tool. The radial grid is 

coarsened in the region away from the borehole, whereas in the vertical direction the grid 

spacing is constant. We calculate the spatial flux ( ), ,B S Eψ r r  in the formation due to a specified 

source in a reference medium (which includes the borehole). Furthermore, for each neutron and 

gamma-ray detector, we calculate the corresponding detector response function, ( ), , ,RS E+ r r  

with the use of the forward-adjoint generator implemented in MCNP to calculate space and 

energy-dependent weight windows (Booth and Hendricks, 1984; Hendricks, 1992, Mickael, 

1982; Gardner and Liu, 1999). Moreover, we modify the MCNP code to optimize the calculation 

of the geometrical response functions with the use of superimposed geometry to reduce the input 

of a fine spatial grid (Liu and Gardner, 1997), and to render the FSF as a direct output of MCNP.  

 

To illustrate the concept of flux sensitivity functions, Figure 3 shows the three-dimensional (3D) 

spatial functions involved (total flux and detector’s response function) in the calculation of the 

FSF for the case of a neutron-tool detector.  Figures 4 and 5 show 2D maps of density and 

neutron flux sensitivity functions, respectively.  For density measurements, we calculate separate 

functions for Compton (density) and photoelectric effect (PEF) assuming a 1.5-curie 662 keV 
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137Cs gamma-ray source, NaI detectors, and the tool configuration described in Table 1. In so 

doing, we discriminate gamma rays with energies below 200 keV from the particles that 

contribute to the Compton detector response. Conversely, in the FSF simulations for PEF we 

include only gamma rays with energies below 200 keV in the detector count rate. For the case of 

neutron FSF calculation, we include all neutron energies assuming a 16-curie AmBe neutron 

source and the tool configuration described in Table 2. Figure 5 indicates that the neutron spatial 

response exhibits a more pronounced peak in the vicinity of the detector than near the source. 

This behavior remains consistent with the neutron sensitivity functions calculated by Couët and 

Watson (1993). By comparison, Figure 4 shows a more symmetric geometric response function 

for the case of density measurements. 

 

The application of sensitivity functions for simulations of nuclear borehole measurements is 

poorly documented in the open technical literature. Using a superimposed geometry importance 

function generator recently implemented in MCNP, we construct the FSF in a faster manner than 

the differential sensitivity functions described by Watson (1984). Our approximations differ from 

the sensitivity functions described by Watson (1992) and Case et al., (1994) primarily in the use 

of the FSF for the simulation of nuclear borehole measurements. We implement a linear iterative 

refinement method that approximates spatial variations of the FSF due to spatial perturbations of 

formation properties (this procedure is described in a subsequent section of the paper). In 

addition, we successfully test the accuracy of 2D FSF approximations in the presence of shoulder 

beds, mud-filtrate invasion, and borehole environmental effects.  

 

DEPENDENCE OF THE FSF ON FORMATION PROPERTIES  
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The principle behind the rapid simulation of nuclear borehole measurements via Equations (2), 

(6), and (8), is to define a base-case formation (which includes the borehole and is not 

necessarily a homogeneous formation) for the calculation of the flux sensitivity functions. Since 

the FSF weights spatial variations of formation properties (i.e., variations of energy cross-section 

due to spatial variations of petrophysical properties) to approximate the corresponding variation 

of detector response in the perturbed medium, the spatial properties of the sensitivity function are 

critical to the simulations. Therefore, to appraise the performance of the spatial response 

approximations for different choices of base-case formation, we calculate flux sensitivity 

functions for density and neutron measurements for a wide range of homogeneous formations 

that include the borehole. 

 

Figure 6 and Table 3 describe the spatial dependence of the density-measurement FSF to 

formation density in a borehole of 20.32 cm in diameter for an assumed density tool 

configuration (Mendoza et al., 2007b). In the vertical direction, we observe that the maximum 

variation occurs in the region between the source and the detector. In addition, the maximum 

vertical variation (integral of the FSF when normalized with respect to its maximum value) is 

less than 3% for both long-spaced (LS) and short-spaced (SS) detectors. Radial geometric factors 

at 90% of the response show a maximum variation of approximately 3 cm for the LS detector, 

and 0.6 cm for the case of the SS detector. For 90% of the response, the radially-integrated FSF, 

referred to as J-factor (Sherman and Locke, 1975), exhibits average radial lengths of 

investigation of 8.46 and 5.13 cm for the LS and SS detectors, respectively. From the radially-

integrated FSF at 100% of the response the total radial length of investigation is 15 cm. By 

comparison, for a different density tool model and for the maximum penetration distance of the 
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contribution flux, Liu and Gardner (1997) reported a radial length of investigation of 20 cm. 

Distinct values of radial length of investigation result from differences of specific tool 

configuration (i.e., source-detector spacing and collimation). 

 

Figure 7 and Table 3 describe the spatial dependence of the neutron-measurement FSF to 

formation migration length in a 20.32-cm diameter borehole for the assumed neutron tool 

configuration (Mendoza et al., 2007, b). In the vertical direction, maximum FSF variations occur 

in the vicinity of both source and detector. Moreover, the total vertical variation (integral of the 

FSF when normalized with respect to its maximum value) of the FSF is as large as 36% for the 

far detector, and as large as 62% for the near detector. In the radial direction, maximum 

variations of 10.4 and 9.65 cm are observed in the radial length of investigation for 90% of the 

near- and far-detector responses, respectively. By comparison, Liu and Gardner (1997) reported 

a change of radial length of investigation of 8 cm for 100% of the response between a 1pu 

limestone (Lm = 25.85 cm) and a 20pu limestone (Lm = 14.13 cm) formation assuming a different 

neutron tool configuration.  

 

BOREHOLE ENVIRONMENTAL EFFECTS ON FSFs 

By design, density tools are nearly insensitive to the borehole environment (i.e., borehole size, 

mud type, etc.). However, the most common formation density measurement in vertical wells is 

the compensated or corrected density given by b LSρ ρ ρ= + Δ , where ρΔ  is the density 

correction due to the difference between the density measured by the short-spaced detector, SSρ , 

and the long-spaced detector, LSρ . This density difference between detectors is due to a 

perturbation in the count rate caused by a radial layer of material (mudcake) between the tool and 
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the borehole wall (Ellis and Singer, 2007). Consequently, a perturbation in the count rate 

modifies the FSF. Figure 8 shows that the radial geometric factor (J-factor) decreases not only 

depending on mudcake (tool standoff) thickness, but also on the contrast between formation 

density and mudcake density.  A streaming effect can occur as gamma rays channel through the 

radial water layer (tool standoff) causing a substantial change in the shape of the FSF (Figure 8). 

By contrast, in addition to formation porosity, lithology and saturating fluids, neutron-porosity 

measurements are influenced by the borehole environment. The neutron flux sensitivity function 

is also perturbed by tool standoff (Figure 9), borehole size, mud weight, and borehole salinity.  

 

LINEAR ITERATIVE REFINEMENT METHOD 

In addition to the perturbations on the J-factor caused by borehole environmental effects, 

formation petrophysical properties can influence the resolution limits (vertical and azimuthal 

geometric factors) of the measurement. The principle behind the linear iterative approximation 

method is to simulate nuclear logs in non-homogeneous formations using multiple FSFs pre-

computed in homogeneous formations (which also include the borehole). The linear iterative 

refinement method accounts for spatial variations of the FSF due to perturbations of formation 

and borehole environment properties. This procedure locally updates the FSF at each sample 

point based on the results of a previous pass. To that end, we previously construct a library of 

FSFs for a range of porosity-matrix-fluid mixtures. This library consists of a set of pre-computed 

FSFs, each simulated in homogeneous formations (base-case formations) of different 

petrophysical properties.  The variety of geometric factors contained in the library enables the 

selection of the most appropriate base-case FSFB for the simulation of nuclear borehole 

measurements across non-homogeneous formations. 
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Vertical and radial geometric factors of the neutron response function can change significantly 

depending on the volumetric proportions and chemical composition of the rock and saturating 

fluids. To account for a wide range of rock matrix, porosity, and saturating fluid combinations 

that would result in an approximate effective value of migration length, the library of neutron 

FSFs includes gas- and water-saturated base-case formations for several values of porosity. 

Table 3 summarizes the petrophysical properties of the base-case formations used to compute 

neutron FSFs for a range of migration lengths between 44.87 cm and 10.74 cm. Because the 

density FSF is much less affected by the properties of the medium (Figure 6), a limited library of 

sensitivity functions is sufficient. The benefit of iterating with density FSFs is only significant in 

cases of high density contrasts of materials in the radial direction (invasion of water in a high 

porosity gas-saturated formation).  However, in the presence of borehole environmental effects, 

it is necessary to use FSFs that include tool standoff or mudcake. Hence, in addition to the 

homogeneous base-case formations, the library of density FSFs incorporates several non-

homogeneous base-case formations that include tool standoff and mudcake of up to 2.54 cm in a 

borehole filled with water-base mud. Table 3 summarizes the density FSFs included in the 

library. In both neutron and density measurement approximations, linear interpolation is used to 

compute FSFs that correspond to values of tool standoff and/or migration length that are between 

available pre-computed functions.   

 

The first step in the linear iterative refinement is to assume a matrix type and an average porosity 

value to select an initial FSF for nuclear log simulation. A second step consists of simulating the 

tool response (i.e., detector count rate) which correlates to porosity under specific assumptions of 
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fluid and matrix type. In a third step, at each sample point a new FSF is calculated by linear 

interpolation between available functions corresponding to the closest neighbors of the simulated 

porosity. Finally, the updated FSF is used to simulate a new value of porosity. The procedure 

repeats itself until the simulated porosity matches the sensitivity function used for the simulation 

(Figure 10). This approach is equivalent to a fixed-point iteration method wherein the FSF used 

in the calculation is updated with the porosity value calculated in the previous iteration. 

Convergence of the fixed-point iterations is achieved when the difference between values of the 

simulated porosity and that corresponding to the assumed base-case is below a pre-specified 

threshold. For situations that include borehole environmental effects, simulations use FSFs that 

contain mudcake or standoff.  In such cases, the fixed-point iterative method is based on 

interpolations to match both mudcake thickness and formation density contrast. Numerical 

experiments with formation and fluid properties within ranges of practical borehole applications 

consistently show that the fixed-point iterations do converge. In addition, numerical experiments 

described below indicate that convergence of bulk-density simulations is achieved in no more 

than 2 iterations, while convergence of neutron simulations is achieved in no more than 3 

iterations. The enforced convergence criterion is 0.01 g/cm3 or less for the difference between 

consecutive iterates of bulk density and 0.01 cm or less for the difference between consecutive 

iterates of migration length when calculating neutron porosity. The values of convergence 

criterion stem from the fact that available steps in FSF space (available from library of FSFs) are 

larger than 0.01 g/cm3 and 0.01 cm for density and neutron, respectively (Table 3). Linear 

interpolation is used to construct FSF for values between available functions. Decreasing the 

values of convergence criterion would not add certainty or accuracy to the iterative refinement. 

Conversely, having large values may not yield the best approximation. Numerical experiments 
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show relatively small sensitivity of the iterative refinement approximations to variations of the 

starting base-case FSF. Variations of simulated porosity values can be as large as 2pu in high 

neutron porosity cases. However, such variations would only occur if the initial base-case FSF 

differs by more than 15pu with respect to the actual value of the formation model.  

 

 
 
 
RAPID SIMULATION OF NUCLEAR MEASUREMENTS: NUMERICAL RESULTS 

This section describes examples of the simulation of neutron and density measurements with the 

approximations described above.  

 

Neutron Measurements. The large variability of neutron FSFs around source and detectors for 

different porosity and matrix formations indicates that a constant FSF will not, in general, yield 

accurate approximations of neutron measurements for large contrasts of material properties.  

This observation is critical across boundaries between contrasting formations. Figure 11 

describes the 1D spatial behavior of the neutron FSF in the vertical direction across a boundary 

between water-filled sandstone formations of 25% and 2% porosity.  We consider cases where 

the tool is moving along the borehole, from the low-porosity into the high-porosity layer and the 

reverse order of porosities.  In addition, we calculate neutron porosity from the depth-matched 

near-to-far detector ratio. The relative distance between the boundary (proportional to the source-

detector spacing) and the midpoint between source and detector is equivalent for the near and far 

detectors. For those cases where the boundary is close to one end of the tool, we observe limited 

variation in the FSF regardless of the location of the low- and high-porosity formations. 

However, when the boundary is near the midpoint between source and detector, the formation 



 
 

 
18

around the detector dominates the value of porosity. Moreover, the FSF exhibits a spatial 

behavior approximately equal to that of the FSF of a base-case formation (i.e., FSFB) 

corresponding to the average formation property around the detector. Results shown in Figures 7 

and 11 indicate that, when used for the simulation of neutron logs across a layered (perturbed) 

formation, the neutron FSFB must be iteratively changed from that of a starting base-case 

formation to one of properties similar to those of the adjacent bed. 

 

In Equations (4) and (5) the nuclear sensitivity parameter is expressed in terms of formation total 

energy cross-section, Σ. This property of the material includes Σs and Σa, which are related to the 

nuclear parameters slowing-down length and diffusion length, respectively. Similarly, migration 

length is related to both Σs and Σa, and electron density index correlates to Σs (Ellis and Singer, 

2007). Correlations enable the selection of specific nuclear properties in Equations (4) and (5) 

for the rapid approximation of nuclear borehole measurements (Appendix A) and subsequent 

porosity estimations. We choose migration length, Lm, as the appropriate weighted formation 

parameter in Equations (4) and (5) because it retains dependence on material cross-section (Ellis 

et al. 1987). Furthermore, the logarithm of neutron flux correlates with the reciprocal of Lm. We 

use the code SNUPAR (McKeon and Scott, 1989) for the calculation of Lm starting from 

volumetric compositions of the formation.  

 

With the use of equation (4) and a constant base-case FSFB of 5% porosity water-saturated sand 

(Lm equal to 24.07 cm), we simulate variations of the near- and far-detector responses across four 

adjacent 40-cm thick layers of 5% and 30% porosity sandstone formation bounded by shale 

shoulder beds. The bottom sands are fully water-saturated whereas the top sands are gas-
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saturated. Table 4 lists the petrophysical properties of the multi-layer model assumed in the 

simulations. Figure 12 shows that the Born approximation, Equation (8), and a constant FSFB, 

yield a maximum difference of 4.40% porosity or 22% error with respect to the same neutron log 

simulated with the Monte Carlo method. By contrast, with the implementation of linear iterative 

refinement, simulations improve yielding a maximum porosity difference with respect to MCNP 

of 1.59% or 8% error. For this particular case, Monte Carlo simulations required 160 hours of 

CPU time (for 112 depth sample points and 2 detectors) on a LINUX-based workstation with 

dual Xeon 3GHz processors while the linear iterative refinement approximation required 1.4 

minutes on a Windows XP-based PC with Core 2 2.4GHz processors.  

 

To quantify the performance of the approximations in the presence of spatial variations of 

formation properties in the radial direction only, we consider a case of invasion of water in a 

fully gas-saturated, 30% porosity sandstone (Figure 13). The model assumes piston-like invasion 

wherein the invading water displaces 100% of the original saturating gas. For this situation, the 

Born approximation, Equation (8), and a constant FSFB, yield a maximum difference of 7.16% 

porosity with respect to Monte Carlo simulations. By comparison, the linear iterative refinement 

approximation improves the simulations to a difference of 2.47% porosity with respect to 

MCNP. 

 

Because of borehole environmental effects (Figure 14), and formation properties in the case of 

neutron measurements (Figure 7), the shape of FSFs is not constant.  The linear iterative 

refinement method accurately approximates variations of the J-factor (1D radial) due to tool 

standoff with a maximum difference of 1.67% porosity with respect to MCNP results (Figure 
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15). In the case of neutron measurements, formation layering perturbs the vertical geometrical 

factor. Shoulder-bed effects combined with tool standoff cause a 2D perturbation of material 

properties which can still be accurately approximated in vertical wells with the linear iterative 

refinement method. For this case, the maximum difference between the rapid approximation and 

MCNP simulations was 3.05% porosity (Figures 16).  Results for 2.54-cm tool standoff represent 

an extreme case. For smaller effects, the accuracy of the approximation improves. Table 4 

compares the results obtained with the iterative refinement method and MCNP.  

 

Density and PEF Measurements. For the case of rapid simulation of density measurements via 

the Born approximation (Equations 2, 4, and 8), we choose density of the formation as the 

weighted nuclear sensitivity parameter. Figure 17 compares numerical simulations performed 

with the rapid approximation and the Monte Carlo method for the case of periodic 10.16-cm 

thick beds of density values equal to 2.0 g/cm3 and 2.6 g/cm3.  The fast approximation yields a 

maximum difference of 0.012 g/cm3 for the filtered SS detector density, and of 0.008 g/cm3 for 

the depth-matched LS detector density. After conventional density log processing (Evans et al., 

1995) of the single-detector responses, compensated density exhibits a maximum difference of 

0.018 g/cm3 between the rapid FSF approximation and the Monte Carlo simulation. Similarly, 

for the volumetric photoelectric factor (U), comparison between the rapid FSF and the Monte 

Carlo simulation indicates a maximum difference of 0.2 (PEF was derived from division of the 

simulated volumetric photoelectric factor, U, by the simulated SS detector density, SSρ ).  

 

To quantify the accuracy of the rapid density simulation method for the case of spatial variations 

of formation properties in the radial (horizontal) direction, we consider the case of water 



 
 

 
21

invasion in a fully gas-saturated, 30% porosity sandstone (Figure 18). For this situation, the Born 

approximation, Equation (8), and a constant FSFB, yield a maximum difference of 0.0398 g/cm3 

with respect to Monte Carlo simulations of the final compensated density.  By contrast, the 

iterative refinement method yields a maximum difference in compensated density equal to 

0.0194 g/cm3 with respect to MCNP simulations. 

 

The linear iterative refinement method accurately approximates variations of the J-factor (1D 

radial) due to mudcake.  Because the density contrast between formation and mudcake or 

borehole fluid impacts the shape of the FSF, we consider simulations of density measurements 

with presence of heavy (ρ = 2.74 g/cm3) and light (ρ = 1.0 g/cm3) mudcake (Figure 19, and 

Tables 5, 6, and 7). In most cases, the difference between the rapid approximation and MCNP 

simulations (which were calculated to an average precision of 1.5 % count rate relative error) is 

less than 0.03 g/cm3. In addition, numerical noise implicit in Monte Carlo statistical calculations 

contributes to the difference in the simulations with respect to the rapid approximations. Tables 

5, 6, and 7 compare rapid approximation results for SS, LS, and compensated density against 

simulations with MCNP and density values for the assumed model. For 2D perturbations 

resulting from shoulder-bed effects combined with mudcake or tool standoff, the iterative 

refinement method accurately approximates density measurements to less than a 0.03 g/cm3 

difference with respect to MCNP. Figure 20 compares MCNP simulations to those obtained with 

the rapid approximation across low and high porosity water- and gas-saturated formation layers. 

In this case, the numerical uncertainty in Monte Carlo simulations results in larger differences 

with respect to the rapid approximations. For the case of the SS detector, the precision of the 

base-case simulation was 0.43% count rate relative error after 120 minutes of CPU time using 
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importance sampling for variance reduction. For the specific test case under consideration, the 

relative error of the SS detector flux tally was 1.13% after 80 minutes of CPU time. For the case 

of the LS detector, the relative error of the simulations was approximately 0.6%. The numerical 

uncertainty of MCNP calculations originates part of difference between MCNP simulations and 

rapid approximations. This behavior is inferred from the fact that in the high porosity gas-

saturated layer, MCNP SS detector density simulations do not reproduce the density value of the 

model while LS detector MCNP density simulations and rapid approximations do match the 

model density. The relative error in SS detector MCNP simulations propagates to compensated 

density calculations and deviates from compensated density values calculated with the rapid 

approximations. Results for 2.54-cm mudcake represent an extreme case. For smaller effects, the 

accuracy of the approximation improves.  In this specific exercise, MCNP simulations required 

384 hours of CPU time for 96 depth sample points and two detectors on a LINUX-based 

workstation with dual Xeon 3GHz processors, whereas the rapid approximation method required 

1.11 minutes on a Windows XP-based PC with Core 2 2.4GHz processors.. 

 

The capability of linear iterative refinement to approximate spatial FSF variations due to 

shoulder beds, invasion, and borehole environmental effects enables fast and reliable neutron and 

density simulations in vertical wells. Approximations lend themselves to quantitative, combined 

interpretation of neutron and density measurements acquired in vertical wells across thin 

laminations of contrasting porosities and fluid saturations. Figure 21 describes iterative 

refinement approximations of neutron and density measurements across a long depth interval in a 

multi-layer formation model. These simulations would require several days of CPU time with 

MCNP as opposed to approximately 15 minutes with iterative refinement approximations. One 



 
 

 
23

significant feature of the simulation results shown in Figure 21 is the difference in vertical 

resolution of density and neutron well logs acquired across thin laminations (neutron logs exhibit 

lower vertical resolution than density logs). Even though all the layers included in the 

simulations are water saturated, the lower thin layers cause the simulated neutron and density 

logs to exhibit a cross-over which is not associated with presence of gas but rather with the 

difference in vertical resolution between the two logs. Reliable quantitative assessment of 

petrophysical properties of thinly-bedded formations is only possible with accurate numerical 

simulations of borehole meaurements, hence the utility of the linear iterative refinement method 

developed in this paper. A companion paper verifies the reliability of the approximations in high-

angle and horizontal wells (Mendoza et al., 2009b).  

 

 

CONCLUSIONS 

We introduced a new approximation for the fast numerical simulation of neutron and density 

borehole measurements. The method implements a first-order Born approximation of the particle 

flux in conjunction with iterative refinement (fixed-point iteration) to “adjust” the weighting 

function (FSF) to local spatial variations of formation properties (including Σs/Σ) explicitly 

unaccounted by the method. The approximations used Monte Carlo-derived FSFs for specific 

tool configurations. We successfully tested the iterative refinement method for neutron and 

density measurements acquired in vertical wells. Simulations included variations of formation 

petrophysical properties in the vertical (layering) and radial (invasion) directions. The 

approximations also included basic borehole environmental effects (mudcake and tool standoff). 
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Sensitivity analyses of the FSFs for a wide range of base-case formations confirmed that the 

density FSF is much less affected by variations of formation properties than that of neutron 

measurements. However, significant perturbations can result in the radial J-factor (up to 3 cm) of 

density measurements due to large contrasts of formation density or in the presence of mudcake 

or tool standoff. The impact of mudcake on the density FSF depends on both thickness and 

density contrast between formation and mudcake. Variations of radial length of investigation are 

critical to the fast simulations of density measurements in the presence of invasion or mudcake.  

Calculation of neutron FSFs showed significant variations of the vertical geometric factor in 

addition to variations of up to 10.4 cm of the radial J-factor.   

 

Linear iterative refinement was implemented to approximate spatial variations of FSFs due to 

perturbations of formation petrophysical properties and presence of borehole environmental 

effects.  In the presence of non-homogeneous formations, the linear iterative refinement method 

locally adjusts a pre-selected base-case FSFB to one associated with an equivalent (effective) 

local medium. This linear approximation method enables fast and accurate neutron simulations 

in cases of large contrasts of material properties wherein the relationship between migration 

length and detector count rate is highly nonlinear. 

 

For 1D perturbations in the vertical direction (shoulder-bed effects), fast simulations of density 

measurements yielded differences of less than 0.02 g/cm3 with respect to Monte Carlo 

simulations. Linear iterative refinement approximations of neutron measurements across large 

contrasts of porosity and saturating fluids (migration length), including shoulder beds, resulted in 

maximum differences of 1.6% porosity or 8% error with respect to MCNP simulations. 
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Similarly, for 1D perturbations in the radial direction (invasion of water into a 30% porosity gas-

saturated sand), linear iterative refinement  approximations exhibited maximum differences of 

0.019 g/cm3 and 2.45% porosity for density and neutron measurements, respectively. 

 

For simulations of neutron borehole measurements we selected migration length as the 

appropriate weighted formation property because it includes fast, epithermal, and thermal 

neutrons in the detector count rate. Future work will implement the linear iterative refinement 

method by splitting epithermal and thermal neutron count rates and using separate FSFs  to 

weight diffusion length and slowing-down length for thermal and epithermal neutrons, 

respectively. 

 

In all of the numerical examples described in this paper, the linear iterative refinement method 

converged within 3 iterations when simulating neutron measurements, and within 2 iterations 

when simulating density measurements. The enforced criteria for convergence was a difference 

of 0.01 g/cm3 or less between consecutive iterates of bulk density and 0.01 cm or less for the 

difference between consecutive iterates of migration length when calculating neutron porosity. 

Even though a formal proof of convergence is difficult to advance for cases of complex 

formation properties, we did not encounter a single numerical case where the method did not 

converge.  

 

Results discussed in this paper were based on the assumption of generic tool models (Mendoza et 

al., 2007b), which are close to commercial logging tool designs. For use with field logs, it would 

be necessary to implement FSFs calculated for commercial logging tool configurations.  
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The linear iterative refinement approximation described in this paper can be readily adapted to 

simulate spontaneous gamma-ray measurements. As described in Appendix B, FSFs for thorium, 

uranium, and potassium spectral gamma-ray logs can be calculated via MCNP. Figure B-1 shows 

an example of simulated gamma-ray and spectral gamma-ray logs across a sequence of 

horizontal layers using FSFs calculated for the three spectral gamma-ray logs.  Similar linear 

iterative refinement approximations with FSFs could be developed to simulate thermal neutron 

decay and nuclear spectroscopy logs.  

 

NOMENCLATURE 

E’ Energy of the incoming particle [eV]. 

E Energy of the scattered particle [eV]. 

FSF Flux sensitivity function [1/cm3-eV]. 

FSFB Flux sensitivity function for an assumed base-case background formation [1/cm3-eV]. 

GAPI Gamma-ray American Petroleum Institute Units. 

GR Gamma ray [GAPI]. 

LS Long spaced. 

mL  Migration length [cm]. 

mBL  Migration length of a homogeneous base-case formation [cm]. 

MCNP Monte Carlo N-Particle Program.  

N Detector response [particles/cm2].  

NB        Detector response for an assumed base-case formation [particles/cm2]. 

PEF Photoelectric factor [b/e]. 
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ppm Parts per million. 

pu Porosity units. 

q          Source [particles/cm3-ster-eV].  

0r  Position vector inside a scatterer region of  ( ) ( )0 , ,BE EΣ ≠ Σr r . 

r Position vector in 3D space. 

Rr  Position vector at the observation point, R (detector location). 

R Observation point location (detector location). 

S Point-source location. 

SS Short spaced. 

BS +        Detector response function for an assumed base-case background formation [1/cm3]. 

U Volumetric photo electric factor. U=ρePEF [ ]. 

z Vertical direction [cm]. 

φΔ  Porosity difference from a homogeneous formation base-case value of porosity [%]. 

Δ mL  Migration length difference from a homogeneous formation base-case value of migration 

length [cm]. 

ΔΣ Excess total macroscopic cross-section for all interactions of particles of energy E at r 

[1/cm]. 

ΔN       Excess detector response [particles/cm2]. 

Δρ Density correction [g/cm3]. 

φ  Porosity [%]. 

Nφ  Neutron-porosity [%]. 

Bφ  Porosity of a homogeneous formation base-case [%]. 
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Ω' Unit direction of incoming particles [ ]. 

Ω Unit direction of scattered particles [ ]. 

ψ  Angular flux at r of energy E and direction Ω [particles/cm2-ster-eV]. 

Bψ  Angular flux for an assumed base-case at r of energy E and direction Ω [particles/cm2-

ster-eV]. 

ψ +  Importance function [ ]. 

ρ Radial direction [cm]. 

ρ Mass density [g/cm3]. 

ρe Electron density [g/cm3]. 

ρb Bulk density [g/cm3]. 

CO
ρ  Compensated density [g/cm3]. 

model
ρ  Model density [g/cm3]. 

ρSS Short-spaced detector density [g/cm3]. 

ρLS Long-spaced detector density [g/cm3]. 

Σ Total macroscopic cross-section for all interactions of particles of energy E at 0r  [1/cm]. 

ΣB Total macroscopic cross-section of an assumed base-case for all interactions of particles 

of energy E at r [1/cm]. 

Σs Macroscopic scattering cross-section for particles of energy E at r [1/cm]. 

Σt Total macroscopic cross-section for all interactions of particles of energy E at r [1/cm]. 

θ Azimuthal angle [degrees] 
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APPENDIX A: Dependence of Energy Cross-Section of Nuclear Properties 
 
The migration length, Lm, is the nuclear formation property used for the rapid approximation of 

neutron measurements in place of Σ in Equations (4) and (5) and is given by 2 2 ,m s dL L L= +  

where Ls is the neutron slowing-down length and Ld is the thermal diffusion-length (McKeon and 

Scott, 1989).  We choose Lm as the appropriate formation property because it is related to the 

capture formation energy cross-section, Σ, (Figure A.1 (a)) and incorporates neutrons of all 

energies. The relation between the reciprocal of Lm and the detector count rate is independent of 

formation rock type (Figure A.1 (b)). Similarly, for the rapid simulation of density measurements 

with Equations (4) and (5), we choose mass density as the formation property. Figure A.2 shows 

the exponential correlation between formation mass density and detector count rate for water-

saturated sandstone, limestone, and dolomite formations. Count rates resulting from variations of 

formation density are independent of formation rock type. Formation density can be determined 

from the measured detector count rate (Ellis and Singer, 2007).  

 
 
 
 
 
 
APPENDIX B: Linear Iterative Refinement Approximation of Spontaneous 
Gamma-Ray Measurements 
 
Figure B.1 shows simulations of spontaneous gamma-ray measurements performed with the 

rapid approximations introduced in this paper. Simulations were performed based on the 

volumetric concentrations of Th, U, and K in the formation. The API gamma-ray response was 

obtained from the linear combination of radioactive isotope concentrations weighted by the 

corresponding sensitivity coefficients (Ellis and Singer, 2007), namely,     
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238 232 39
%API ppm ppmGR A U B Th C K= + + ,          (B.1) 

 

where GRAPI is the gamma-ray response in API units, 238Uppm and 232Thppm are the concentrations 

of uranium and thorium in ppm, respectively, and 39K% is the percent concentration of potassium. 

For specific tool designs, the sensitivity coefficients (A, B, and C) that weight the isotope 

concentrations in Equation (B.1) can be calculated with numerical simulations (Mendoza et al., 

2006). 
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